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1 Introduction
Exact results in interacting quantum field theories (QFTs) are rare in general. The rigid
supersymmetry of field theories in curved backgrounds allows one to compute exact results
for a certain class of BPS observables [2, 3]. See also [4–21]. One of such interesting objects
is supersymmetric Re´nyi entropy (SRE), which in Euclidean signature can be defined using
supersymmetric partition function on space with conical singularity (or resolved).
In QFTs in flat space, the Re´nyi entropy can be used to measure the degree of entan-
glement between two regions A and A¯ separated by the entangling surface ∂A = Σ. For a
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state characterized by a density matrix ρ on a spatial slice consisting of A and A¯, one can
define the Re´nyi entropy for A using the reduced density matrix ρA = TrA¯ρ,
Sq =
1
1 − q
logTr[ρqA] , (1.1)
where q is a real parameter. The q → 1 limit gives the entanglement entropy (EE)
across Σ.1 This method to compute entanglement entropy is called replica trick and q
is called the replica number. The above formula can be expressed in terms of partition
function on a conic space, the q-fold cover of the original Euclidean spacetime. The con-
ical singularity generally breaks supersymmetry, therefore the ordinary Re´nyi entropy is
non-supersymmetric, however one can maintain the supersymmetry by adding background
fields. In consideration of supersymmetry, the SRE is refined to be
Sq =
1
1 − q
log [
Zq
Z
q
1
]
SUSY
, (1.2)
where the subscript means that all the partition functions appearing in the definition should
be supersymmetric. The SRE was first defined and studied in three dimensions [23–25]
and later generalized to other dimensions [1, 26–28]. In general, these quantities defined
by (1.2) are UV divergent but one can extract universal quantities free of ambiguities.
In flat space R1,d−1, the Re´nyi entropy of a d-dimensional conformal field theory (CFT)
Sq across spherical entangling surface S
d−2 can be mapped to that on a sphere with a conical
singularity, Sdq . It can also be mapped to that on a hyperbolic space S
1
q ×H
d−1, where the
entangling surface is mapped to the boundary of Hd−1. We stress that throughout this
work, we take the “smooth cone” boundary condition [29], which corresponds to the choice
of no boundary contribution in the hyperbolic space.2 The universal part of Sq is shown
to be invariant under Weyl transformations of the metric [30]3
Sq =
1
1 − q
(logZq[S
d
q] − q logZ1[S
d
]) (1.3)
=
1
1 − q
(logZq[S
1
q ×H
d−1
] − q logZ1[S
1
×H
d−1
]) . (1.4)
This chain of identities are generally true for both non-supersymmetric and supersymmetric
Re´nyi entropies of all CFTs.4
For q → 1, it is known that the universal part of entanglement entropy is proportional
to “central object”,
SEE ∝ a
∗
d , (1.5)
where a∗d is the a-type central charge in even dimensions and the sphere free energy (over
2π) in odd dimensions. It has also been shown that the Re´nyi entropy near q = 1 has some
1See for instance [22] for a review on entanglement entropy in quantum field theory.
2See appendix C in [29] for the discussion in details. In particular this choice is consistent with all the
known examples of supersymmetric Re´nyi entropy [1, 23–28].
3Because of the unitary transformations between density matrices.
4Even in the presence of R-symmetry background fields, the relations hold because the Weyl transfor-
mation only affects the metric.
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universal property [33].5 However, it is not clear whether universal relations exist or not
for the Re´nyi entropy at q away from 1.
In consideration of supersymmetry, the first equation (1.3) enables us to compute the
SRE by using the supersymmetric localization technique, while the second equation (1.4)
allows us to compute the SRE by using the heat kernel method in the hyperbolic space.
Having these computational tools, it is therefore attempting to ask whether one can find
universal behaviors of Sq with the help of supersymmetry.
The goal of this work is to show that the universal part of SRE of general 4d N = 1
superconformal field theory (SCFT) enjoys a simple relation to the central charges in the
limit q → 0, proportional to 3c − 2a, where a and c appear in the Weyl anomaly of the
theory [31, 32],
⟨Tµµ ⟩ ∼
1
(4π)2
(aE − cW 2) , (1.6)
where W is the Weyl tensor and E the Euler density. More specifically, we will show that
the SRE across S2 in flat space R1,3 for general 4d N = 1 SCFTs has the following property
at q → 0
SN=1q→0 = −
4(3c − 2a)
27q2
log(R/ǫ) , (1.7)
where R is the radius of the entangling surface S2 and ǫ is a short-distance cutoff to
regularize the divergence. This is equivalent to a statement about the free energy of SCFTs
on conic space or hyperbolic space S1q ×H
3 in the corresponding limit,
FN=1q→0 ∝
4(3c − 2a)
27
1
q2
, (1.8)
which can be considered as the counterpart of the Cardy-like formula on S1 × S3 shown
in [34] (see also [35]), but now for S1 ×H3.
We first derive the asymptotic behavior by free field computation in the presence of a
U(1) R-symmetry background and then provide a derivation of (1.8) by taking a particular
scaling limit of N = 1 partition functions on S1β × S
3
b , which thus shows the universality
of the asymptotic behavior for general interacting N = 1 SCFTs. We also revisit the
supersymmetric Re´nyi entropy of general N = 2 SCFTs initially studied in [1] and find a
simple formula for it in terms of central charges a and c,
SN=2 = −(
c
q
+ 4a − c) log(R/ǫ) . (1.9)
This paper is organized as follows. In section 2 we introduce the backgrounds for the
discussion of Re´nyi entropy and focus on the the general features in the limits q → 0,1,+∞.
In particular we extract the universal relations between Re´nyi entropy and other quantities,
such as Casimir energy and free energy under those limits. In section 3 we study explicit
free field examples. In section 4 we construct N = 1 superconformal field theories on the
conic sphere S4q and compute free energy as well as supersymmetric Re´nyi entropy. We
find that in the limit q → 0, the leading contribution to both of them is proportional to
5The specific relation will be modified in the presence of additional background fields.
– 3 –
J
H
E
P08(2015)052
4
27q2
(3c − 2a). We first derive it by free field computation and then derive it by taking
use of the exact results from supersymmetric localization. In section 5 we revisit N = 2
superconformal field theories on S4q and find simple formulas for the q-scalings of free energy
as well as supersymmetric Re´nyi entropy in terms of central charges.
2 Asymptotic limits of Re´nyi entropy
We begin with general discussions on asymptotic behaviors of Re´nyi entropy under different
limits, namely q → 0,1,+∞.
2.1 Backgrounds
Consider CFTs in a Euclidean flat space Rd with the metric
ds2
Rd
= dτ2E + dr
2
+ r2dΩ2d−2 , (2.1)
where τE is the Euclidean time and r ∈ [0,∞) is the radial direction in the polar coordinates.
The entangling surface Σ is given by (τE = 0, r = R), which is a sub-sphere S
d−2. After the
transformations
τE = R
sin τ
cosh η + cos τ
, r = R
sinh η
cosh η + cos τ
, (2.2)
where τ ∈ [0,2π) and η ∈ [0,∞), (2.1) becomes a hyperbolic space S1 ×Hd−1 with a warp
factor Ω = 1
coshη+cos τ ,
ds2
Rd
= Ω2ds2
S1×Hd−1 = Ω
2R2(dτ2 + dη2 + sinh2 ηdΩ2d−2) . (2.3)
According to equation (1.4), the Re´nyi entropy associated with the spherical entangling
surface Σ can be computed using the thermal partition function on a hyperbolic space
S
1
q ×H
d−1, the metric of which is obtained by τ → qτ for ds2
S1×Hd−1 in (2.3).
According to equation (1.3), one can also compute Re´nyi entropy by working on a
branched sphere Sdq ,
ds2
Sdq
/R2 = sin2 θq2dτ2 + dθ2 + cos2 θdΩ2d−2 , (2.4)
where θ ∈ [0, π/2] and τ ∈ [0,2π), which is conformally equivalent to the hyperbolic space
S
1
q ×H
d−1 by the coordinate transformation cot θ = sinhη
ds2
Sdq
= sin2 θR2(q2dτ2 + dη2 + sinh2 ηdΩ2d−2) = sin
2 θds2
S1q×Hd−1 . (2.5)
As we see from the above, Sdq and S
1
q ×H
d−1 are different by a Weyl factor, which makes
that one can compute Re´nyi entropy on either of them. Below we will mostly take the unit
R = 1 and recover it only when it is necessary.
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2.2 Asymptotic limits
Now we discuss Re´nyi entropy in various limits of the parameter q. We are particularly
interested in the asymptotic behaviors near q = 0, q = 1 and q = ∞. Note that Re´nyi
entropy Sq has less ambiguity than free energy Fq ∶= − logZq. Namely the Re´nyi entropy
is invariant under a shift of free energy by a linear function of q.
In the limit q → 1, one obtains the entanglement entropy in terms of the free energy
and its first derivative
SEE = −F1 + ∂qFq→1
= −F1 + 2π∂βFβ→2pi , (2.6)
where the length of the Euclidean time circle represents the inverse temperature, β = 2πq.
It implies that the entanglement entropy is equal to the thermal entropy on a space with
a Euclidean time circle, which is conformally equivalent to the original conic space up to a
Weyl factor. The physical meaning of the β-derivative of Fβ is the energy
Eq = ∂βFβ =
1
2π
∂qFq . (2.7)
In the zero temperature limit β →∞, the energy may be defined as the Casimir energy
Ec ∶= − lim
β→∞
∂β logZ =
1
2π
lim
q→∞∂qFq , (2.8)
which implies that the low temperature expansion of the free energy takes the form
Fq→∞ = 2πqEc +⋯ . (2.9)
One can also consider the high temperature expansion (q → 0) of the free energy Fq
Fq→0 = F(0)q
−α
+⋯ , (2.10)
where in general the free energy does not decrease as temperature goes up, F(0) ≥ 0 and
α ≥ 0.
Low temperature expansion. One can substitute (2.9) into (1.3) and (1.4) and obtain
the asymptotic large q behavior of the Re´nyi entropy
Sq→∞ = 2πEc − F1 . (2.11)
Note that when d is odd, ∂qFq→1 in (2.6) vanishes since there is no conformal anomaly,
therefore one can replace −F1 by SEE and rewrite (2.11) as
∆Sq→∞ ∶= Sq→∞ − SEE = 2πEc , (2.12)
which may provide a rigorous definition for the Casimir energy Ec.
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When d is even and the geometry is branched sphere Sdq , for the universal logarithmic
part, SEE = −F1 is still true and therefore (2.12) holds. If the geometry is S
1
q ×H
d−1 and
also d is even, (2.12) is no more true because SEE ≠ −F1 in this case.
6
In general (2.12) should be written as
∆Sq→∞ = 2π(Ec −E1)
∶= 2π∆E , (2.13)
which can be obtained by taking the difference between the q → ∞ limit of (1.3) or (1.4)
and the equation (2.6).7 This is true generally for all CFTs on a space with a Euclidean
time circle, which is conformally equivalent to the original conic space up to a Weyl factor
(including both Sdq and S
1
q ×H
d−1). It means that the relative Casimir energy Ec −E1 can
be computed from the zero temperature limit of Re´nyi entropy by the law (2.13).
High temperature expansion. In the limit q → 0, one can substitute (2.10) into (1.3)
and (1.4) and find that the high temperature behaviors of Re´nyi entropy and free energy
coincide (up to a sign flip)
Sq→0 = −Fq→0 . (2.14)
Note that so far we have only discussed the leading contributions in both low temperature
and high temperature limits. But one can go to the next orders straightforwardly.
Near “q = 1” expansion. Finally let us look at the behaviors near q = 1. At q = 1 we
get entanglement entropy according to (2.6),
SEE = −F1 + 2πE1 . (2.15)
Unlike q → 0 and q → ∞ cases, we now instead consider the n-th q-derivative of Re´nyi
entropy at q = 1. One can translate the q-derivatives of the Re´nyi entropy into the q-
derivatives of either free energy or energy [33]
∂
(n)
q→1Sq =
2π
(n + 1)!
∂
(n)
q→1Eq =
1
(n + 1)!
∂
(n+1)
q→1 Fq . (2.16)
Furthermore, since the derivative with respect to q can be equivalently considered as the
derivative with respect to the metric component gττ , the n-th q-derivative of Re´nyi entropy
at q = 1 can be shown to be proportional to the integrated (n + 1)-point function of Tττ
in flat space. Indeed the first derivative ∂qSq→1 has been shown to be proportional to
the coefficient of the stress tensor vacuum two-point function [33]. In the presence of
supersymmetry, the attention should be paid to the additional R-symmetry background
fields.
6Note that the condition ∂qFq→1 = 0 is also true if Fq is refined to be supersymmetric since the ground
state energy is zero.
7We have inserted (2.9).
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3 Free 4d CFTs
In this section we discuss the asymptotic behaviors of Re´nyi entropy by studying free field
examples. In particular, we compute (2.13), (2.14), (2.16) for the non-supersymmetric
Re´nyi entropy of free fields. Notice that the asymptotic coefficients of Re´nyi entropy
may be expressed in terms of linear combinations of central charges a and c. The linear
combinations can be determined by fitting with the explicit results of conformal scalar
and massless fermion. However, as we will see that, except for the first q-derivative at
q = 1, these relations between non-supersymmetric Re´nyi entropy and central charges are
not universal.
We first show the relations coming from experimental test. For q →∞,
∆Sq→∞ =
3a + c
2
log(R/ǫ) , (3.1)
while for q → 0,
Sq→0 =
a − c
2
1
q3
log(R/ǫ) +⋯ . (3.2)
And for the q-derivative at q = 1,
∂qSq→1 = 2c log(R/ǫ) . (3.3)
The first derivative at q = 1 is consistent with the result in [33].
3.1 Heat kernel method
The partition function Z(β) on hyperbolic space S1β=2piq ×H
3 can be computed from the
heat kernel of the conformal Laplacian [47, 48]
logZ(β) =
1
2
∫
∞
0
dt
t
KS1
β
×H3(t) , (3.4)
where the kernel of the Laplacian ∆ is defined as K(t) ∶= Tr(e−∆t). The kernel on the
product space S1β ×H
3 can be factorized
KS1
β
×H3(t) =KS1
β
(t)KH3(t)e
4pi2t , (3.5)
where the exponentiation is to eliminate the gap in the spectrum of the Laplacian on H3.
The kernel on S1β is
KS1
β
(t) =
β
√
4πt
∑
n≠0,∈Z
e−
β2n2
4t
+i2pinµ+ipin(−1)f , (3.6)
where f = 0 for scalars and f = 1 for fermions. The hyperbolic space is homogeneous so
that the volume can be factorized
KH3(t) = ∫ d
3x
√
gKH3(x, x, t) = VH3KH3(0, t) , (3.7)
where VH3 = −2π log(R/ǫ) is the regularized volume of the 3-hyperbolic space H
3. 1/ǫ is
the IR cut-off and R is the curvature radius of H3.
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3.2 Conformal scalar
For a complex scalar, the equal-point heat kernel on H3 is given by
Ks
H3
(0, t) =
2
(4πt)3/2
e−4pi
2t . (3.8)
The free energy F ∶= − logZ is computed by using (3.4), (3.5), (3.6), (3.7), (3.8)
F s(β) = −
VH3
360πq3
. (3.9)
And the Re´nyi entropy is
Ss =
(q + 1)(q2 + 1)VH3
360πq3
. (3.10)
So the limit q →∞ of the Re´nyi entropy can be extracted
∆Sq→∞ = −
VH3
120π
, (3.11)
and the limit q → 0 of the Re´nyi entropy is
Sq→0 =
VH3
360πq3
. (3.12)
It can be checked that (3.1), (3.2) and (3.3) hold, given the central charges a and c for a
complex scalar
a =
1
180
, c =
1
60
. (3.13)
3.3 Massless fermion
For a Weyl fermion, the equal-point heat kernel on H3 is
K
f
H3
(0, t) =
t + 2
(4πt)3/2
e−4pi
2t . (3.14)
The free energy is then obtained8
F f(β) = −
(30q2 + 7)VH3
2880πq3
. (3.15)
And the Re´nyi entropy is
Sf =
(q + 1)(37q2 + 7)VH3
2880πq3
. (3.16)
The limit q →∞ of the Re´nyi entropy can be extracted
∆Sq→∞ = −
51VH3
2880π
, (3.17)
and the limit q → 0 is
Sq→0 =
7VH3
2880πq3
. (3.18)
It can be checked that (3.1), (3.2) and (3.3) hold, given the central charges a and c for a
Weyl fermion
a =
11
720
, c =
18
720
. (3.19)
8Note that there is an additional overall minus sign compared to the scalar.
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3.4 Non-supersymmetric Re´nyi entropy of N = 4 SYM
It may be a good time to test the universality of (3.1), (3.2), (3.3). Let us now consider
the non-supersymmetric Re´nyi entropy of N = 4 Super-Yang-Mills (SYM) [49]. Free N = 4
Super-Yang-Mills contains 3 complex scalars, 4 Weyl fermions and 1 vector field. Putting
all together we have
Sq = 3S
s
+ 4Sf + Sv =
(1 + q + 7q2 + 15q3)VH3
48πq3
, (3.20)
where we have used the Re´nyi entropy of scalar and fermion discussed before and inserted
the Re´nyi entropy for a vector field [49]
Sv =
(91q3 + 31q2 + q + 1)VH3
360πq3
. (3.21)
One can check that except for the first q-derivative at q = 1, other relations
in (3.1), (3.2) are no longer true for this specific example. This may be due to the fact that,
the non-supersymmetric Re´nyi entropy of N = 4 SYM is known not protected [53], while
central charges a and c are protected. So there is no reason to expect that the asymptotic
behaviors of non-supersymmetric Re´nyi entropy of N = 4 SYM should be characterized by
a and c. It also leads us to consider the supersymmetric refinement of Re´nyi entropy.
3.5 Supersymmetric Re´nyi entropy
Now we start to look at supersymmetric Re´nyi entropy in the free field limit [1]. In order
to preserve supersymmetry, one has to turn on R-symmetry background fields to twist the
boundary conditions. Turning on a constant background field (chemical potential) along
S
1
β gives the kernel KS1β
(t) a phase shift [46]
K̃S1
β
(t) =
β
√
4πt
∑
n≠0,∈Z
e−
β2n2
4t
+i2pinµ+ipin(−1)f . (3.22)
Now one can repeat the free energy computations by using (3.4), (3.5), (3.7), (3.8). For a
complex scalar
F sq (µ) =
µ4 + 2µ3 + µ2 − 1
30
12πq3
VH3 , (3.23)
while for a Weyl fermion,
F fq (µ) =
−240µ4 + 120µ2 + (360µ2 − 30)q2 − 7
2880πq3
VH3 . (3.24)
In consideration of supersymmetry, µ is required to be a function of q and µ vanishes
at q = 1 because we do not need the R-symmetry background in the absence of conical
singularity, µ(q = 1) = 0. The value of the background field can be solved (by solving
Killing spinor equations) either on branched sphere S4q or on hyperbolic space S
1
q ×H
3 since
it is invariant under Weyl transformations.
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The supersymmetric Re´nyi entropy can be defined as
SSUSYq =
qF1(0) − Fq(µ)
1 − q
. (3.25)
It is convenient to extract the extra contribution in SRE for each field due to nontrivial µ,
∆S = SSUSYq − Sq. For a complex scalar
∆Ss(µ) =
µ2(µ + 1)2
12π(q − 1)q3
VH3 , (3.26)
while for a Weyl fermion,
∆Sf(µ) =
µ2(−2µ2 + 3q2 + 1)
24π(q − 1)q3
VH3 . (3.27)
Note that ∆Sf(µ) is an even function of µ but ∆Ss(µ) is not. Notice that the effective
chemical potential µ depends on both R-charges of the dynamical fields and the value of
the background field.
4 N = 1 SCFTs
In this section we study N = 1 SCFT with a conserved U(1)R R-symmetry on four-sphere
with a conical singularity, S4q . As discussed in the introduction, the partition function on
S
4
q can be used to compute supersymmetric Re´nyi entropy. In the absence of the conical
deformation, N = 1 SCFTs on round four-sphere were initially discussed in old minimal
supergravity [36] and later discussed in the context of N = 1 conformal supergravity [55].
These theories can be placed on S4 canonically since the sphere is conformally flat. It has
been shown that the R-current is conserved at the fixed point [36].9 For other systematic
study of rigid supersymmetry on four-manifolds, see [37–41].
In the presence of the conical deformation, half of the supersymmetries can remain if
one adds a proper R-symmetry background Aµ to the geometry [1]. Once the value of Aµ is
determined, one can perform the heat kernel computation of partition functions by working
on S1 ×H3 since the Weyl transformation only affects the metric. We will first show that
the universal part of supersymmetric Re´nyi entropy Sq (or free energy Fq) in q → 0 limit
is proportional to a linear combination of central charges 3c− 2a by free field computation
and then provide an independent derivation by taking a particular scaling limit of N = 1
partition functions on S1β × S
3
b , which thus confirms the validity of the asymptotic formula
for general interacting N = 1 SCFTs.
4.1 Killing spinors on S4q
To construct rigid supersymmetric field theories in curved spacetime, one has to set up
Killing spinor equations, whose solutions generate rigid supersymmetries. Those equations
will also tell us what background allows rigid supersymmetries. The explicit form of Killing
9We thank Efrat Gerchkovitz and Lorenzo Di Pietro for discussions on this point.
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spinors on S4 depends on the choice of vielbein. In stereographic coordinates, the solu-
tions were well explored in appendix B in Pestun’s work [3]. In spherical coordinates, the
solutions were explored first in [56]. Now we briefly review N = 1 Killing spinors on conic
four-sphere S4q [1] but leave the details in appendix A. In 4-spinor notation, the Killing
spinor equations take the form of
Dµζ = +
1
2ℓ
γµζ
′ , (4.1)
Dµζ
′
= −
1
2ℓ
γµζ , (4.2)
where ζ and ζ ′ are Dirac spinors and the covariant derivative is defined as Dµ = ∇µ ± iAµ
to incorporate the R-symmetry background field. One can describe the S4q as the one-
dimensional blowing up of a S3q or describe it as a S
3
q fibered on a direction ρ ∈ [0, π] [1].
We focus on the latter case since the solutions found in the former coordinates [1] will
project out the U(1)R symmetry [55]. The metric is given by
ds2/R2 = dρ2 + sinρ2(dθ2 + sin2 θq2dτ2 + cos2 θdφ2) . (4.3)
One can check that half of the Killing spinors of the round sphere can be preserved on the
q-deformed sphere provided the background field is added [1]
AS4q =
q − 1
2
dτ . (4.4)
See the explicit Killing spinor solutions in appendix A.
Given the background field (4.4), now we switch to the hyperbolic space S1q × H
3 to
compute supersymmetric partition function and also supersymmetric Re´nyi entropy.
4.2 An asymptotic formula at q → 0
Now we compute supersymmetric partition functions of N = 1 SCFTs on conic space by
working on S1q ×H
3 and using heat kernel method. It is important to emphasize that by
working on S1q ×H
3 we only focus on the universal logarithmic term of the corresponding
free energy on sphere.
Free chiral multiplet. A N = 1 chiral multiplet contains 1 complex scalar and 1 Weyl
fermion, with R-charge r and r−1, respectively. The chemical potentials for the scalar and
the fermion are r(q − 1)/2 and (r − 1)(q − 1)/2, respectively. So the supersymmetric Re´nyi
entropy is given by
Schiral = Ss +∆Ss [
r(q − 1)
2
] + Sf +∆Sf [
(r − 1)(q − 1)
2
]
=
VH3
48π
(
2r − 3r2 + r3
q2
+
3r2 − 2r3
q
+ 2 − 2r + r3) . (4.5)
Free vector multiplet. A N = 1 vector multiplet contains 1 Weyl fermion and 1 vector
field, with R-charge +1 and 0 respectively. So the supersymmetric Re´nyi entropy is given by
Svector = Sf +∆Sf [
q − 1
2
] + Sv
=
VH3
24π
(
2
q
+ 7) . (4.6)
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Supersymmetric Re´nyi entropy and a, c. Consider a N = 1 SCFT which allows a
UV free description. G is the gauge group and Ri is the representation of the matter field
where i denotes different types of matter. One can define the trial functions as
a =
3
32
(3TrR3 −TrR) =
3
32
[2∣G∣ +∑
i
(3(ri − 1)
3
− (ri − 1))∣Ri∣] ,
c =
1
32
(9TrR3 − 5TrR) =
1
32
[4∣G∣ +∑
i
(9(ri − 1)
3
− 5(ri − 1))∣Ri∣] , (4.7)
with R the R-symmetry charge and the trace runs over the fermonic fields of the multiplets
of the theory. ∣G∣ is the dimension of G and ∣Ri∣ is the dimension of the representation Ri.
The SRE for a N = 1 free theory with the gauge group G and matter representation
Ri is given by
SN=1q =
VH3
48π
(∑
i
2ri − 3r
2
i + r
3
i
q2
∣Ri∣ +
∑i(3r
2
i − 2r
3
i )∣Ri∣ + 4∣G∣
q
+∑
i
(2 − 2ri + r
3
i )∣Ri∣ + 14∣G∣)
= −
4(3c − 2a)
27
log(R/ǫ)
q2
+⋯, (4.8)
where we have expressed the coefficient of q−2 term as a linear combination of functions
a and c defined in (4.7). Therefore we obtain a simple formula for the high temperature
limit of N = 1 supersymmetric Re´nyi entropy
SN=1q→0 = −
4(3c − 2a)
27
log(R/ǫ)
q2
, (4.9)
which can be rewritten in terms of the density
sq→0 ∶=
SN=1q→0
∣VH3 ∣
= −
2(3c − 2a)
27π
1
q2
. (4.10)
According to (2.14), this can also be translated into the behavior of the density of free
energy
fq→0 ∶=
FN=1q→0
∣VH3 ∣
=
2(3c − 2a)
27π
1
q2
. (4.11)
Consider the RG flow from a UV free theory to some IR SCFT, where the U(1) R-
symmetry is preserved along the flow. Because of ’t Hooft anomaly matching and the
algebraic relations between central charges and the U(1)R anomaly, (4.7) will determine
the IR central charges [57]. The ambiguity of the R-charges ri of the matter can be fixed
by the a-maximization [58]. Therefore at IR fixed point (4.9) actually characterizes the
supersymmetric Re´nyi entropy of the IR SCFT. From the above derivation, it is clear that
the formula (4.9) is true for general N = 1 SCFTs which allow UV free descriptions. Later
we will provide an independent derivation of (4.11) from exact results by supersymmetric
localization, which thus confirms the universality of the asymptotic behavior for general
interacting SCFTs.
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Hofman-Maldacena bound. Now we consider the inequalities satisfied by the Re´nyi
entropy derived in the information theory, Hq ∶= Sq/S1 [72, 73]
∂qHq ≤ 0 , (4.12)
∂q (
q − 1
q
Hq) ≥ 0 , (4.13)
∂q((q − 1)Hq) ≥ 0 , (4.14)
∂2q ((q − 1)Hq) ≤ 0 . (4.15)
Imposing these conditions to our result (4.8) and take the limit q → 0, one obtains
a
c
≤
3
2
, (4.16)
which is the Hofman-Maldacena upper bound for general N = 1 SCFTs [68].
4.3 Explicit examples
Now we would like to verify that (4.9) is true in explicit examples.
N = 1 description of N = 4 SYM. The simplest N = 1 SCFT may be N = 4 super-
Yang-Mills, which can be considered as N = 1 theories with one vector multiplet with gauge
group G and 3 chiral superfields Φ1,2,3 in the adjoint representation, coupled through the
superpotential W = hΦ1Φ2Φ3. One can determine the R-charges for 3 N = 1 chirals ( their
R-charges are the same by symmetry ) by the a-maximization,
a =
3
32
[2∣G∣ + 3(3(r − 1)3 − (r − 1))∣G∣] , r∗ =
2
3
, (4.17)
and the central charges a, c are determined to be
a = c =
∣G∣
4
. (4.18)
Both the gauge coupling and the superpotential can be shown to be exactly marginal using
the way in [59], therefore the central charges a = c = ∣G∣/4 are valid for any coupling.
The SRE (4.8) is given by
Sq = 3S
chiral
(r = 2/3) + Svector = ∣G∣
VH3
2π
1 + 7q + 19q2
27q2
. (4.19)
One can check that
Sq→0 = ∣G∣
VH3
2π
1
27q2
=
4(2a − 3c)
27q2
log(R/ǫ) , (4.20)
which verifies (4.9).
The full SRE result (4.19) agrees with the SRE obtained by directly dealing with N = 4
SYM with 3 equal U(1) chemical potentials in [1]. Furthermore, (4.19) can be shown to
hold at the strong coupling by the holographic computation from 5d BPS topological black
hole [1], which of course demonstrates the validity of (4.20) at strong coupling.
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Note that one can extract the central charge at UV, aUV , from Sq at q = 1,
Sq=1 = ∣G∣
VH3
2π
∶= −4aUV , aUV =
∣G∣
4
, (4.21)
which is the same as the central charge a in (4.18). This is another way to show that the
central charge is independent of marginal couplings in this specific example.
There is another SCFT example including 3 chirals with different R-charges and 1
vector. We leave the analysis in appendix B.
Klebanov-Witten. Another well-known N = 1 SCFT is the conifold theory proposed by
Klebanov and Witten [45]. It contains 2 vector multiplets and 4 chiral superfields Ai,Bi(i =
1,2) in bi-fundamental representations, with a superpotential W = λǫijǫklTr(AiBkAjBl).
We take the two gauge couplings to be the same, therefore the R-charges of the 4 chirals
should be the same by symmetry and one can fix the R-charges by the a maximization,
r∗ =
1
2
. (4.22)
Note that the R-symmetry should be non-anomalous. The SRE for this theory is thus
given by
Sq = ∣G∣(4S
chiral
(r = 1/2) + 2Svector) = ∣G∣
VH3
π
(3 + 5q(4 + 13q))
96q2
. (4.23)
The central charges a and c are given by
a = c =
3
32
∣G∣ [2 × 2 + 4(3(r − 1)3 − (r − 1))/.r →
1
2
] =
27
64
∣G∣ . (4.24)
Again one can easily verify that
Sq→0 =
4(2a − 3c)
27q2
log(R/ǫ) (4.25)
is true. One can also check the famous central charge ratio 32/27 by comparing (4.24)
and (4.18), given that the central charge of the Z2 orbifold theory is two times of that of
N = 4 SYM.
For the conifold theory, the fix line does not cross the free point, as one can check that
Sq=1 = ∣G∣
VH3
π
88
96
= −4
88
192
∣G∣ ∶= −4aUV , aUV ≠ a . (4.26)
One can extract the ratio between two central charges
aUV
a
=
88
81
. (4.27)
4.4 A derivation from exact result
Now we give a derivation of the high temperature formula ofN = 1 partition functions (4.11)
using exact results by supersymmetric localization. The idea is that the hyperbolic space
S
1
q × H
3 can also be mapped to S1 × S3q by a Weyl transformation, where the partition
functions can be computed exactly by localization technique in the latter case.
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From hyperbolic space to primary Hopf surface. We first parametrize 3-hyperbolic
space H3 as a fiberation with a 2-torus. The metric of S1q ×H
3 is given by
ds2
S1q×H3 = q
2dτ2 + cosh2 η̃dτ2E + dη̃
2
+ sinh2 η̃dφ2 , (4.28)
where the domains are given by
τ ∈ [0,2π) , τE ∈ [0,2π) , η̃ ∈ [0,∞) , φ ∈ [0,2π) . (4.29)
This description of H3 is different from the previous one including a 2-sphere (2.3). The
difference is that here the volume is finite after regularization while the previous volume
is logarithmic divergent. Sine H3 is homogeneous, the free energy on the new description
is different from the previous one only by a volume factor. As we will see, this actually
explains why the universal finite part of free energy on a complex manifold could corre-
spond to the universal logarithmic part of the spherical free energy (up to normalization
by volume).
By multiplying a factor cosh−2 η̃ to (4.28) and using the coordinate transformation
sinh η̃ = cot θ one obtains
ds2
S1×S3q = dτ
2
E + q
2 sin2 θdτ2 + d2θ + cos2 θdφ2 , (4.30)
which is a direct product of a circle and a 3-dimensional conic sphere, S1 × S3q .
One can actually define 4-dimensional Re´nyi entropy associated with a 3-dimensional
replica number q by using the partition functions on S1 × S3q . With supersymmetry, one
can instead consider the smooth version with a squashed 3-sphere, S1 × S̃3q , whose metric
is given by
ds2
S1×S̃3q = dτ
2
E + q
2 sin2 θdτ2 + f(θ)2dθ2 + cos2 θdφ2 , (4.31)
f(θ) ∶=
√
sin2 θ + q2 cos2 θ . (4.32)
This is a primary Hopf surface with a squashed 3-sphere.
It has been shown in [9, 12, 24] that 3-dimensional N = 2 supersymmetric partition
function only depends on the Reeb vector, which is independent of the resolving factor f(θ).
In 4-dimensional case, it has also been shown in [9, 10, 17] that N = 1 supersymmetric
partition function only depends on the complex structure, which is independent of the
resolving factor too. This is consistent with the 3-dimensional result provided that there
is a 4d → 3d reduction. Those results tell us that there is an equivalence between N = 1
partition function on S1 × S̃3q and that on S
1 × Ŝ3q , where Ŝ
3
q is a 3-sphere with a small
resolving of the conical singularity, the singular limit of which is used to define the original
conic sphere, S3q , with “smooth cone” boundary condition on it.
Supersymmetric primary Hopf surface. Now we briefly review the supersymmetric
primary Hopf surface with a squashed 3-sphere in the formulation of the rigid limit of new
minimal supergravity following [37].10 In this formulation, the bosonic part of the gravity
10See also [17, 60].
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multiplet includes metric gµν , a R-symmetry gauge field Aµ and a two form gauge field Bµν
whose strength V µ is conserved. In Euclidean signature, two independent Killing spinors
η and η̃ carrying R-charges +1 and −1, generally satisfy
(∇µ − iAµ)η = −iVµη − iV
νσµνη ,
(∇µ + iAµ) η̃ = +iVµη̃ + iV
ν σ̃µν η̃ . (4.33)
Here η and η̃ are left hand and right hand spinors due to the decomposition of the rotation
group SO(4) = SU(2)L×SU(2)R. We take the same conventions as that used in [37] in this
subsection, see for instance appendix A there.
In the coordinates (4.31), the U(1)×U(1) isometry of the squashed 3-sphere is gener-
ated by the Killing vectors ∂τ and ∂φ and the third U(1) isometry is generated by ∂τE . In
the frame,
e1 = dτE , e
2
= f(θ)dθ , e3 = cos θdφ , e4 = q sin θdτ , (4.34)
two supercharges η and η̃ carrying opposite R-charges can be obtained by solving (4.33)
η = −
i
√
2
⎛
⎝
e
i
2
(φ+τ−θ)
ie
i
2
(φ+τ+θ)
⎞
⎠
, η̃ = −
i
√
2
⎛
⎝
e−
i
2
(φ+τ−θ)
ie−
i
2
(φ+τ+θ)
⎞
⎠
. (4.35)
The complex Killing vector K ∶= ησµη̃ ∂µ is given by
K = ∂τE − i∂φ −
i
q
∂τ , (4.36)
which satisfies
KµK
µ
= 0 . (4.37)
The background fields are given by
V = −
i
f(θ)
dτE + κKµdx
µ , Kµ∂µκ = 0 ,
A = −
1
2f(θ)
(2idτE + dφ + qdτ) +
1
2
(dφ + dτ) +
3
2
κKµdx
µ . (4.38)
The contribution (to partition function) of the coupling with the R-symmetry background
is controlled by [37]
− iKµAµ = −
1
2
(1 +
1
q
) . (4.39)
In the limit q → 0, one can find that the dominating component of Aµ in (4.38) is given
by11
−Aτ = −
1
2
, (4.40)
which is consistent with the background field (4.4) on S1 ×H3 in the limit q → 0. Notice
that both S1q ×H
3 and S1 × S̃3q preserve two supercharges, with opposite R-charges.
11The additional minus sign is due to different R-charge conventions on S1 ×H3 and S1 × S̃3q.
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Partition function. Before moving on we would like to identify the geometry (4.31) we
are interested in with the familiar one S1β ×S
3
b appearing in the literatures. Recall that the
metric of the latter in the usual convention (for instance used in [60]) is given by
ds2 = r21dτ
2
E + r
2
3 [(b
−2 sin2 θ + b2 cos2 θ)dθ2 + b2 sin2 θdτ2 + b−2 cos2 θdφ2] , (4.41)
where r1 and r3 denote the radius of S
1 and that of the 3-sphere, respectively. b is the
squashing parameter for the 3-sphere. (4.31) and (4.41) are the same (up to an overall
scale) with the following identifications
r1
r3
=
1
√
q
, b =
√
q . (4.42)
Note that for scale invariant theories the partition function should not depend on the
overall scale. The limit q → 0 corresponds to the zero temperature limit β ∶= 2πr1 → ∞
with fixed r3. In the squashed 3-sphere’s point of view, this is the extremely squashing
limit, b→ 0.
The partition functions of N = 1 SCFTs on S1β × S
3
b with the metric (4.41) have been
studied in [17] by supersymmetric localization, see also [42, 60].12 In particular, the low
temperature contribution to the partition function has been obtained in the leading order
logZ[S1β→∞ × S
3
b=√q] = −βEc +⋯
∼ −
r1
r3
⎡
⎢
⎢
⎢
⎢
⎣
4π
3
(
1
√
q
+
√
q)(a − c) +
4π
27
(
1
√
q
+
√
q)
3
(3c − 2a)
⎤
⎥
⎥
⎥
⎥
⎦
, (4.43)
where Ec is the supersymmetric Casimir energy, which has been shown to be scheme-
independent [60] and the dots denotes the supersymmetric index part and higher order
corrections. 13 Note that only the ratio r1/r3 appears in the free energy (4.43), which
confirms the fact that the final result does not depend on any overall scale of the geometry.
Because of the conformal equivalence between S1q × H
3 and S1 × S3q (therefore Re´nyi
entropies are the same following [30]), where the partition function on the latter is equal to
that on S1
β=1/√q ×S
3
b=√q, together with the fact that the relevant background fields coincide
on the two geometries in the limit q → 0, one can actually use the following equality to
compute the exact results on the hyperbolic space14
fq→0[S1q ×H
3
] = fq→0[S11/√q × S
3
b=√q] . (4.44)
Note that we have normalized the free energy by a q-independent volume factor, which
in the right hand side of (4.44) should be Vol(S1 × D2) = 2π2, according to (C.13). In
appendix C we give another geometric reason why the equality (4.44) should be true.
12See [43, 44] for initial works on N = 1 SCFTs on S1 × S3.
13For other perspectives on the supersymmetric Casimir energy, see [61, 62].
14We have also used the equality (up to a sign flip) between Re´nyi entropy and free energy (2.14) in the
limit q → 0.
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Now we apply the scaling (4.42) to the free energy result (4.43) and then obtain the
free energy in the leading order15
fq→0[S1q ×H
3
] = fq→0[S11/√q × S
3
b=√q]
= − lim
q→0
logZ[S1
1/√q × S
3
b=√q]
2π2
=
2
27q2π
(3c − 2a) . (4.45)
This precisely agrees with the free field result (4.11), which thus confirms the validity
of (4.10) and (4.11) for general interacting N = 1 SCFTs.
5 N = 2 SCFTs revisited
In this section, we revisit N = 2 SCFTs on four-sphere with a conical singularity, S4q . The
partition function on S4q can be used to compute supersymmetric Re´nyi entropy for N = 2
SCFTs. In the absence of conical deformation, N = 2 SCFTs with Lagrangian descrip-
tions on sphere were extensively studied in [3], where the spherical partition function and
the expectation values of BPS Wilson loop operators were computed by supersymmetric
localization. This was extended to squashed four-sphere later in [13]. Eventually it was
realized that rigid N = 2 supersymmetric field theories on sphere (and deformed) can be
well studied in the context of N = 2 conformal supergravity [63]. Recently it was shown
that the spherical partition function actually characterizes the Kahler potential [55].
In the presence of the conical deformation, it has been shown that part of the super-
symmetries can be maintained if one adds a proper U(1)J R-symmetry background A
J
µ to
the geometry S4q [1], where U(1)J is the diagonal part of SU(2)R R-symmetry.
16 The Killing
spinor equations have been studied extensively in [1] and the value of the background field
has been determined
AJτ =
q − 1
2
. (5.1)
Given that the background field is invariant under the Weyl transformation between S4q
and S1q ×H
3, we can perform the free field computation on the hyperbolic space by heat
kernel method once we know the U(1)J charges for all the dynamical fields.
5.1 A complete formula
Now we compute SRE for general N = 2 SCFTs by working on S1q × H
3 in the free field
limit. We focus on the relations between the SRE and central charges a, c.
15One can check that the supersymmetric index part does not contribute to the leading order in our
particular scaling limit. It would be very interesting to establish the precise relation beyond the limit q → 0.
We leave this for future work.
16It has been shown in [1] that the conic sphere can be defined as the singular limit of a resolved sphere.
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Free vector multiplet. A N = 2 vector multiplet includes a N = 1 vector and a N = 1
chiral. In particular we choose the current of the diagonal U(1)J of SU(2)R to couple with
the background field. Under this U(1)J , the vector component field and the scalar are
neutral, and two Weyl fermions are charged oppositely, ±1 [64]. Note that the supersym-
metric Re´nyi entropy for fermions is an even function of the chemical potential. So the
total supersymmetric Re´nyi entropy of a N = 2 vector multiplet is
SV = Schiral(r = 0) + Svector =
VH3
12π
(
1
q
+ 4) . (5.2)
Free hypermultiplet. A N = 2 hypermultiplet contains two N = 1 chiral multiplets,
with the scalar and fermion charged +1 and 0 respectively, under U(1)J . So the supersym-
metric Re´nyi entropy of a N = 2 hypermultiplet is
SH = 2Schiral(r = 1) =
VH3
24π
(
1
q
+ 1) . (5.3)
General N = 2 SCFTs. For a general N = 2 SCFT with nv vectors and nf hypers, and
with U(1)J being the R-symmetry coupled with the background field, the SRE is given by
SN=2q =
VH3
24π
(
2nv + nf
q
+ 8nv + nf)
= −
1
12
(
2nv + nf
q
+ 8nv + nf) log(R/ǫ) . (5.4)
In particular, for nv = nf , one obtains
SN=2q = −nv (
3q + 1
4q
) log(R/ǫ) , (5.5)
which is true for some specific examples, such as N = 2 description of N = 4 SYM and
S
5/Z2 orbifold theory. In the former case, (5.5) agrees with the result obtained in [1].
Recall that the central charge formulae for N = 2 SCFTs which allow weak coupling
descriptions
a =
5nv + nf
24
, c =
2nv + nf
12
. (5.6)
One can express the SRE for general N = 2 SCFTs in terms of central charges,
SN=2q = −(
c
q
+ 4a − c) log(R/ǫ) . (5.7)
At q = 1, (5.7) is proportional to −4a, which is the standard relation between entanglement
entropy and a-anomaly.
Note that the universal log term (5.4) corresponds to the universal logarithmic part of
the N = 2 SRE on the q-deformed 4-sphere. Below we will see how to derive (5.4) from the
exact N = 2 partition function on S4q .
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5.2 A derivation from exact results
The exact partition function of N = 2 theories on S4q with “smooth cone” boundary condi-
tion has been obtained in [1]
Z = ∫ ∏
i
d(σ)i e
− 8pi2
g2
YM
Tr(σ2)∏α∈∆+ Υq(iσ ⋅ α)Υq(−iσ ⋅ α)
∏I∏ρ∈RI Υq(iσ ⋅ ρ +
Q
2
)
∣Zinst∣
2 , (5.8)
where σ is a Lie algebra (of the gauge group) valued constant matrix, gYM is Yang-Mills
coupling, α is the set of positive roots and ρ is the weight space of the matter, which is in
a certain representation of the gauge group. I denotes different types of matter. Υq(x) is
defined to regularize the infinite products as follows
Υq(x) = ∏
m,n≥0
(mq1/2 + nq−1/2 +Q − x)(mq1/2 + nq−1/2 + x) , Q ∶=
√
q + 1/
√
q . (5.9)
Note that after regularization both the function Υq(x) and the matrix integral (5.8) are fi-
nite. Nevertheless we want to extract the universal coefficient of the logarithmic divergence
on the q-deformed 4-sphere from the matrix integral (5.8).
This can be done by doing large (σ ⋅ ) expansion for the log of 1-loop determinants
and read off the coefficient in front of the log divergence term.17 This is equivalent to
introduce a UV cutoff Λ during the (double) Gamma function regularization and pick up
the coefficient in front of logΛR [67], which eventually becomes the coefficient of the log
divergence term in the final free energy on the q-deformed sphere.
Recall that Υq(x) can be decomposed as Barnes double gamma functions
Υq(x) =
1
Γ2[x, (q1/2, q−1/2)] Γ2[Q − x, (q1/2, q−1/2)]
. (5.10)
At large ∣x∣, Barnes double gamma function can be expanded as [54]
log Γ2[x, (a, b)] = −
1
2ab
x2 logx +
3
4ab
x2 +
1
2
(
1
a
+
1
b
)(x logx − x)
−(
1
12
(
a
b
+
b
a
) +
1
4
) logx +⋯ . (5.11)
For a pair of vector multiplet, the expansion is the large x (x ∶= σ ⋅ α) expansion for
log[Υq(ix)Υq(−ix)], which is given by
log[Υq(ix)Υq(−ix)]
= 3x2+(−2x2+
1 + 3q + q2
3q
) logx+
(1 + q)2
12qx2
+O(x−4) . (5.12)
For a pair of hypermultiplet, the expansion is the large y (y ∶= σ ⋅ ρ) expansion for
−2 log[Υq(iy +Q/2)], which is given by
−2 log[Υq(iy +Q/2)]
= −3y2 + (2y2 +
1 + q2
6q
) log y −
(1 + q)2(1 + 6q + q2)
96q2y2
+O(y−4) . (5.13)
17The instanton contribution can be neglected by considering the large N limit.
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The quadratic terms in (5.12) and (5.13) cancel with each other because of the conformality
condition [3]
∑
α
(σ ⋅ α)2 =∑
ρ
(σ ⋅ ρ)2 . (5.14)
One can add up the log coefficient of (5.12) and the log coefficient of (5.13) because both
of them can be translated into the coefficient of logΛR as mentioned before.
For a general N = 2 conformal field theory containing nv vector multiplets and nf
hypermultiplets, one can again take use of the conformality condition and obtains the q
scaling of the universal term of free energy
FN=2q ∝ (
nv
2
1 + 3q + q2
3q
+
nf
2
1 + q2
6q
) , (5.15)
which gives the q-scaling of the supersymmetric Re´nyi entropy
SN=2q ∝ −(
4q + 1
6q
nv +
q + 1
12q
nf) = −(
c
q
+ 4a − c) . (5.16)
This precisely agrees with the free field result (5.4), which implies that the results (5.4)
and (5.7) are universal. It would be interesting if one can reproduce the q-scalings from
the background invariants in the context of N = 2 conformal supergravity.
Note that the large (σ ⋅ ) expansion we used here is also consistent with the large mass
expansion in the works [70, 71], which turns out to be the correct way to extract universal
entanglement entropy (and Re´nyi entropy) for massive theories. Recall that in the weak
coupling limit λ ∶= g2YMN → 0, the 1-loop part in (5.8) is essentially the effective action
with a background field σ on the q-deformed sphere (which can be used to compute Re´nyi
entropy in free field limit). Now consider the numerator and denominator of the 1-loop part
in (5.8) separately, the effective actions are for massive theories, since the coupling with σ
gives the effective mass term both for the vector multiplet and the hypermultiplet [65, 66].
The universal parts of Re´nyi entropy (supersymmetric) for these massive theories come
from the log coefficient in (5.12) and that in (5.13), respectively, following [70, 71]. Further
cancellation because of the conformality condition eliminates the mass dependence, which
eventually leads to the final results (5.16).
Bounds of a/c. Now we consider the inequalities for N = 2 supersymmetric Re´nyi en-
tropy (5.7)
Hq ∶=
Sq
S1
=
c
q
+ 4a − c
4a
. (5.17)
The large q limit of (4.13) gives
a
c
≥
1
2
, (5.18)
which is the lower bound for N = 2 theories consistent with the results in [68, 69].
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A Killing spinors on S4q
The round four-sphere can be considered as a three-sphere fibered on the ρ direction. The
metric is given by
ds2/R2 = dρ2 + sinρ2(dθ2 + sin2 θdτ2 + cos2 θdφ2) , (A.1)
with
ρ ∈ [0, π] , θ ∈ [0, π/2] , τ ∈ [0,2π) , φ ∈ [0,2π) . (A.2)
We choose the vielbein as
e1/R = sinρ sin(τ + φ)dθ + sinρ cos(τ + φ) sin θ cos θ(dτ − dφ) ,
e2/R = − sinρ cos(τ + φ)dθ + sinρ sin(τ + φ) sin θ cos θ(dτ − dφ) ,
e3/R = sinρ (sin θ2dτ + cos θ2dφ) , e4/R = dρ . (A.3)
One can define a T matrix as
T (ρ) =
⎛
⎜
⎜
⎜
⎜
⎝
0 0 −1
2
tan ρ
2
0
0 0 0 −1
2
tan ρ
2
1
2
cot ρ
2
0 0 0
0 1
2
cot ρ
2
0 0
⎞
⎟
⎟
⎟
⎟
⎠
. (A.4)
We take the gamma matrices given in terms of Pauli matrices as follows
γ1 = (
0 iτ1
−iτ1 0
) , γ2 = (
0 iτ2
−iτ2 0
) ,
γ3 = (
0 iτ3
−iτ3 0
) , γ4 = (
0 12×2
12×2 0
) . (A.5)
And the chiral projection matrices are given by
PL =
1
2
(1 + γ5) , PR =
1
2
(1 − γ5) , (A.6)
where
γ5 = γ1γ2γ3γ4 . (A.7)
With the vielbein and metric given above, one can actually find the following matrix
identities
1
4
ωµ = γµT (ρ) , µ = θ, τ, φ (A.8)
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where ωµ are spin connections. It means that an arbitrary constant 4-spinor ζ0 satisfies
the first three equations (µ = θ, τ, φ) of (4.1), provided that ζ ′ is defined as
1
2ℓ
ζ ′ ∶= T (ρ)ζ . (A.9)
There remains an undetermined ρ-dependent matrix factor S(ρ) and the true Killing spinor
will be given by
ζ = S(ρ)ζ0 . (A.10)
Finally, S(ρ) can be determined by studying the ρ component of equation (4.1) and it is
given by
S(ρ) =
⎛
⎜
⎜
⎜
⎜
⎝
sin ρ
2
0 0 0
0 sin ρ
2
0 0
0 0 cos ρ
2
0
0 0 0 cos ρ
2
⎞
⎟
⎟
⎟
⎟
⎠
. (A.11)
Now the q-branched four-sphere is obtained by replacing dτ in (A.1), (A.3) by qdτ , and it
is easy to check that
ζ = S(ρ)
⎛
⎜
⎜
⎜
⎜
⎝
c1
c2
c3
c4
⎞
⎟
⎟
⎟
⎟
⎠
(A.12)
is still a solution, provided that a background field is turned on through the coupling
D̃µ = ∇µ + iAµ
⎛
⎜
⎜
⎜
⎜
⎝
+1 0 0 0
0 −1 0 0
0 0 +1 0
0 0 0 −1
⎞
⎟
⎟
⎟
⎟
⎠
, (A.13)
where Aµ takes the value
AS4q =
q − 1
2
dτ . (A.14)
Recall that PL and PR project out the upper half and lower half of the 4-spinors. PLζ and
PRζ have opposite R-charges, +1 and −1. Therefore the true coupling with the background
field is
Dµ = ∇µ + iAµ
⎛
⎜
⎜
⎜
⎜
⎝
+1 0 0 0
0 +1 0 0
0 0 −1 0
0 0 0 −1
⎞
⎟
⎟
⎟
⎟
⎠
. (A.15)
This means that the second component and the third component of the Killing spinor were
killed out and the remaining ones have opposite R-charges,
ζ = S(ρ)
⎛
⎜
⎜
⎜
⎜
⎝
c1
0
0
c4
⎞
⎟
⎟
⎟
⎟
⎠
. (A.16)
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B 3 different chirals plus 1 vector
Now we consider SCFTs including 3 chirals with different R-charges r1, r2, r3 and 1 vector,
all standing in the adjoint representation of some gauge group G. They may be realized as
IR fixed points of some RG flows with UV free descriptions and nontrivial potentials. Let
us parametrize the three R-charges as
r1 =
2x
3
, r2 =
2y
3
, r3 =
2z
3
. (B.1)
The SRE is given by
Sq = ∣G∣
VH3
2π
A + (3B − 2A)q + (27 − 3B +A)q2
27q2
,
A = xyz, B = xy + yz + zx , (B.2)
where the sum of R-charges satisfies x + y + z = 3 by the constraint from the cubic super-
potential. One specific way to construct this IR SCFT is to consider N = 4 SYM under 3
different U(1) chemical potentials. And (B.2) precisely agrees with the SRE computed by
directly dealing with N = 4 SYM in [1]. The result (B.2) has also been shown [1] to hold in
the strong coupling by the holographic computation of SRE from 5d BPS STU topological
black hole [50–52] with three different charges.
Let us look at the central charges of the IR SCFT. a and c are given by
a = c = ∣G∣
9
32
(1 +
3
∑
i
(ri − 1)
3
) =
∣G∣
4
xyz . (B.3)
One can verify that (4.9) is again satisfied.
By looking at the q → 0 limit of (B.2) we clearly see that the R-charges affect the high
temperature behavior of SRE, therefore affect the central charges. However this does not
happen when q → 1, where
Sq→1 = ∣G∣
VH3
2π
, aUV =
∣G∣
4
, (B.4)
which is independent of R-charges.
C A geometric coincidence
Let us first look into more details about the scaling geometry under the limit q → 0 for
S
1
q ×H
3. The metric of S1q ×H
3 is given by
ds2
S1q×H3 = R
2
(q2dτ2 + dη2 + sinh2 ηdΩ22) , (C.1)
which can be related to the τ circle fibered on a 3-dimensional flat space by a Weyl factor
f ∶= cosh−2 η,
ds2
S1q×H3 = R
2f−1(fq2dτ2 + f(dη2 + sinh2 ηdΩ22)) , (C.2)
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where f is chosen to make the metric fds2
H3
flat,
fds2
H3
= dr2 + r2dΩ22 , r = tanh η ∈ [0,1] . (C.3)
After dropping the overall factor R2f−1, the metric (C.2) becomes a circle fibered on a flat
3-space,
ds2 = (1 − r2)q2dτ2 + dr2 + r2dΩ22 , r ∈ [0,1] , (C.4)
where the universal part of Re´nyi entropy or supersymmetric Re´nyi entropy should be the
same as that on the hyperbolic space since they are conformally equivalent [30]. Under the
limit q → 0, the τ circle shrinks and the geometry goes to a product with a tiny circle
S
1
q→0 ×R
3 . (C.5)
Notice that the supersymmetric nature is preserved on the space (C.5), which can be seen
by noting that the heat kernel on S1q (3.22) has periodic boundary condition for fermions
in the limit q → 0.
The key observation is that the space (C.5) can also be obtained by taking a particular
limit of S1β × S
3
b . This is the limit
β ∼
1
√
q
→
1
0
, b =
√
q → 0 . (C.6)
Let us look into more details about the scaling limit of S1β × S
3
b . We use r1 and r3 to
denote the radius of the circle and the 3-sphere, respectively. The length of the circle is
defined as the inverse temperature, β = 2πr1. The metric of S
1
β × S
3
b is given by
ds2 = r21dτ
2
+ r23 [(b
−2 sin2 θ + b2 cos2 θ)dθ2 + b−2 cos2 θdφ21 + b
2 sin2 θdφ22] , (C.7)
where
τ ∈ [0,2π) , θ ∈ [0, π/2] , φ1 ∈ [0,2π) , φ2 ∈ [0,2π) . (C.8)
Replacing b by
√
q one obtains
ds2
r2
3
=
r21
r2
3
dτ2 +
1
q
[(sin2 θ + q2 cos2 θ)dθ2 + cos2 θdφ21 + q
2 sin2 θdφ22] , (C.9)
where we have divided the metric by an overall r3, which will not affect the final partition
function for scale invariant theories. Notice that the part inside the square brackets is the
squashed 3-sphere S̃3q , which can be considered as the resolved version of (2.4) in d = 3.
Under the limit q → 0,
ds2
S̃3q
= sin2 θdθ2 + cos2 θdφ21 + q
2 sin2 θdφ22
= dy2 + y2dφ21 + q
2
(1 − y2)dφ22 , (y ∶= cos θ ∈ [0,1]) (C.10)
which is effectively D2 × S1q in the limit. Here D
2 means 2-disk with unit radius. In
consideration of the 1/q factor in front of the square brackets in (C.9), the geometry
becomes D2
1/√q × S
1√
q.
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Now we take a particular scaling for r1 in order to combine the circle S
1
β and the 2-disk
D
2 we have just obtained from the extremely squashed 3-sphere,
r21
r2
3
=
1
q
. (C.11)
Putting all together in the limit q → 0, the 4-geometry becomes
[S
1
×D
2
]1/√q × S
1√
q , (C.12)
which can be rescaled by multiplying an overall factor
√
q,
[S
1
×D
2
] × S
1
q . (C.13)
In the limit q → 0, the geometry becomes
S
1
q→0 ×R
3 , (C.14)
which is the same as the one in (C.5).
Because of the coincidence of different geometries in the limit q → 0, we could be able
to compute the exact result on S1q ×H
3 using the available results on other manifold, such
as S1β × S
3
b , by identifying the leading free energy (normalized by a volume factor)
fq→0[S1q ×H
3
] = fq→0[S11/√q × S
3
b=√q] . (C.15)
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